The relationship between solutions of the sinh-Laplace equation and the determination of various kinds of surfaces of constant Gaussian curvature, both positive and negative, will be investigated here. It is shown that when the metric is given in a particular set of coordinates, the Gaussian curvature is related to the sinh-Laplace equation in a direct way. The fundamental equations of surface theory are found to yield a type of geometrically based Lax pair for the system. Given a particular solution of the sinh-Laplace equation, this Lax can be integrated to determine the three fundamental vectors related to the surface. These are also used to determine the coordinate vector of the surface. Some specific examples of this procedure will be given.
which has the form
Some further results are obtained based on the fundamental equations of surface theory, and it is shown how specific solutions of the sinh-Laplace equation (1) can be used in integrating these results to obtain the coordinates of a surface in either Minkowski R 2,1 or Euclidean R 3 space [5, 6] . For future reference, S 2 will be the unit sphere in Euclidean space R 3 , H 2 and S 1,1 are the unit "spheres" in the Minkowski space R 2,1 with curvature −1 and +1, respectively. It will be noted that there is a close relationship between (1) and the harmonic maps from R 2 to S 2 . From the harmonic maps, the Lax pair with this integrability condition can be obtained, and conversely, from each solution of (1), the corresponding harmonic map can be constructed. In fact, harmonic maps have many applications. The study of Yang-Mills theories has been motivated in part by analogies with general relativity. Harmonic maps model, in a simplified form, a type of nonlinearity that occurs in the Einstein equations, but different from that modeled by Yang-Mills theories. Gauge vector fields, or connections in bundles, can be defined by using solutions of the harmonic mapping equations, instead of the more familiar, inequivalent, Yang-Mills equations. In any case, producing connections in bundles has applications to both pure and applied areas of mathematics. We now begin by introducing some basic ideas from differential geometry of surfaces. Let r be the position vector of point P in three-space such that r = r(u 1 ,u 2 ) is the parametrization of a surface, and {P, e 1 ,e 2 ,n} a frame with P as its origin, e a = ∂r/∂u a and n the normal vector. It is possible to take linear combinations of the vectors e 1 , e 2 to produce an orthonormal set f 1 , f 2 . However, the notation will not be altered and the basis {e 1 ,e 2 ,n} is simply referred to as an orthonormal frame for the surface. Writing the differentials of r, e a , and n = e 3 as linear combinations of the vectors in this set, the fundamental equations of the theory of surfaces are written as
a are differential one-forms which depend on u 1 , u 2 and satisfy
The first fundamental form of the surface is
Differentiating the orthonormality condition n · e a = 0, we obtain n · de a + e a · dn = 0. Upon substituting differentials from (2) , this implies that
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Writing ω 3 a = h ab ω b , then from d 2 r = 0, it follows that h ab = h ba . The related form
is called the second fundamental form of the surface. Now ω b a can be written in the form
where ω c = du c and Γ b ac are the Christoffel symbols. Differentiating dr, we obtain
Since e a and n are independent, this will vanish provided that
Of course, we can take ω a = du a and replace this in these equations. Upon differentiating de a , we obtain
The vanishing of this expansion implies that the following equations hold:
Equations ( 
This serves to introduce the Riemann curvature tensor. Using (5), it will be seen that it can be related to the components h ab through the relation
where a, b, c, d take the values 1, 2. One of the reasons that it is possible to produce connections between surfaces and integrable equations, such as the sine-Gordon equation, or system (1), is that there is a very straightforward connection between the Riemann tensor and the Gaussian curvature K of the surface,
A second reason is that a parametrization of the surface can be written down such that the first fundamental form assumes a particular form in terms of a function which satisfies the sinh-Laplace equation in these specific coordinates. This leads to the following definition.
Definition 1. A coordinate system (t,x) of the space-like surface S is called Tschebyscheff if the metric of S takes the form
and the second fundamental form is given by Proof. Let {P, e i } with i = 1,2,3 be a field of orthogonal frames of S such that e 1 , e 2 are unit tangent vectors to the lines of curvature and e 3 is the unit normal vector to the surface. The fundamental equations of the surface are given by (2) . Since e 1 , e 2 are principal tangent vectors, we can write
Using the property that, in this case, the curvature of S is K = −1, it must be that AC = 1. Choose coordinates such that
and put
where ξ and η are to be determined. From the integrability condition dω c + ω c a ∧ ω a = 0, the following equations are obtained:
Using (12), we obtain
which yields the equation
Similarly, from
it follows that
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Since the surface is free of umbilics A = ±1, hence setting A = tanh(α/2) and C = coth(α /2), these equations are transformed into
hence χ(t) = f (t)cosh(α/2) and ψ(x) = g(x)sinh(α/2). By means of a reparametrization of x and t, we can write
Hence, from (19), it follows that
This gives the required structure for the fundamental forms. The second part follows immediately from the Gauss equation, dω
The one-forms are given by
Differentiating ω 1 2 , it is found that
The right-hand side is ω 1 ∧ ω 2 = −(1/2) sinhαdx ∧ dt, thus when K = −1, we obtain the equation α xx + α tt = sinhα. The case K = 1 follows similarly. From these results, it follows that Aχ = sinh(α/2) and Cψ = cosh(α/2). Now, the equations for the surface provide a method for constructing a space-like surface of constant Gaussian curvature K = −1 in R 2,1 which is based on a solution of the sinh-Laplace equation. This amounts to using these equations to write down a Lax pair for the system such that compatibility holds modulo the sinh-Laplace equation and which can be integrated given a particular solution of the equation. Proof. If a solution for the set of basis vectors {e 1 ,e 2 ,e 3 } can be obtained from the fundamental equations, then the equation for dr can be integrated to produce the coordinates of a surface. Therefore,
Equating coefficients of dx and dt on both sides of (32), we obtain the pair
From the next equation, it follows that
Thus,
Finally, the last equation gives the pair
To summarize these results, we introduce the more compact notation e 1 = n, e 2 = m, and e 3 = p such that p 2 = −1, m 2 = n 2 = 1, p · m = p · n = m · n = 0, then this system takes the form
Since system (2) is linear in {e 1 ,e 2 ,e 3 }, the orthonormal solution of (37) is defined on all of Ω. To obtain the coordinates of the surface, it remains to integrate the expression for dr, which is also integrable. For a solution of sinh-Laplace equation (1), system (37) is completely integrable, and the solution is defined on all of Ω. Now an initial condition can be chosen (t,x) = (t 0 ,x 0 ) ∈ Ω, and a surface is obtained in the coordinates of Definition 1.
Lemma 4. The system (37) satisfies the necessary compatibility conditions provided that α(t,x) satisfies the sinh-Laplace equation α tt
Proof. The pair of equations (p x ,p y ) is satisfied trivially with respect to (37). Differentiating m x with respect to t, we obtain m xt = −(1/2)α tt n − (1/2)α t n t + (α t /2)sinh(α/2)p + cosh(α/2)p t , and m t with respect to x gives m tx = (1/2)α xx n + (1/2)α x n x . Equating the Paul Bracken 1399 derivatives m xt = m tx modulo (37), we obtain
Upon simplifying this expression, it is clear that it holds exactly when α satisfies the positive sinh-Laplace equation. A similar calculation gives the same result for the (n t ,n x ) pair.
Theorem 5. Let α(t,x) = 0 be a solution of the sinh-Laplace equation (1) on a simply connected region. Then there exists a space-like surface S ⊂ R 3 of constant Gaussian curvature such that (t,x) are the Tschebyscheff coordinates, and the associated Lax pair is given by
(39)
Lemma 6. The system (39) satisfies the integrability or compatibility condition provided that α(t,x) satisfies the sinh-Laplace equation α tt
It is worth explaining exactly how (1) is related to the Gaussian curvature K of the actual surface. From (15), it can be seen that there is a very straightforward relationship between the Riemann tensor R 1212 and the Gaussian curvature of the corresponding surface. The metric for the cases of interest here is given for α = 0 in Definition 1. Based on the metric, it is straightforward to calculate R 1212 . In terms of α, R 1212 is simply (1/2)(α tt + α xx ), hence (15) gives
For the case in which K = ±1, the sinh-Laplace equation (1) is obtained. This implies that if the metric of the unit sphere S 2 or H 2 , for example, is written in the form (16), then α must be a solution of the sinh-Laplace system (1). Consider the Lax pair given by (39). From the definition of the pair (p t ,p x ), it is clear that
since m and n are orthonormal. Differentiating p t with respect to t and p x with respect to x, we obtain
Therefore, it follows by substituting the known derivatives from (39) that
To summarize this result, it has been shown that p(t,x) satisfies the equation
In fact, (44) is exactly the equation for harmonic maps from R 2 to S 2 . Consequently, p(t,x) is a harmonic map from R 2 to S 2 . A normalized harmonic map is defined as a harmonic map which satisfies (41) as well. Given a solution α(t,x) for the negative sinhLaplace equation (1) on a simply connected region Ω ⊂ R 2 , by solving the Lax pair with some initial condition (t 0 ,x 0 ) ∈ Ω, a normalized harmonic map is obtained. This implies that a normalized harmonic map can be constructed from a solution of the negative sinhLaplace equation (1). This establishes a connection between solutions of the negative sinh-Laplace equation and harmonic maps. A surface of constant Gaussian curvature in R 2,1 based on a particular solution of the sinh-Laplace equation corresponding to the harmonic maps from Ω ⊂ R 2 to H 2 ⊂ R 2,1 will be obtained. Here H 2 is considered to be the upper component of p 2 = −1 in R 2,1 . The corresponding Lax pair that is integrated has been given in (37), and Lemma 4 clearly shows that integrability is satisfied provided that α is a solution of the positive sinh-Laplace equation. This is rigorously adhered to here. For purposes of presentation, the t and x labels will be interchanged in (37). A particularly nice form for the surface coordinates in which sinh t and cosht appear explicitly in terms of t is obtained in this event, and the Lax takes the form
The following α is a solution of the sinh-Laplace equation provided that µ 2 + λ 2 = 1,
This implies that
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This solution will be substituted into the Lax pair given by (37) and integrated. To this end, differentiating (47), it follows that the derivatives of α are
We introduce three new variables a, b, and c which are defined by
Differentiating a with respect to x, it follows with respect to the Lax pair that
Similarly, differentiating b and c with respect to x, then modulo the Lax, we obtain that a, b, and c satisfy the following system:
This system of differential equations may be integrated to yield
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